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We present a new approach for multiple criteria sorting problems. We consider sorting procedures applying
general additive value functions compatible with the given assignment examples. For the decision alternatives,
we provide four types of results: (1) necessary and possible assignments from Robust Ordinal Regression (ROR),
(2) class acceptability indices from a suitably adapted Stochastic Multicriteria Acceptability Analysis (SMAA)
model, (3) necessary and possible assignment-based preference relations, and (4) assignment-based pair-wise
outranking indices. We show how the results provided by ROR and SMAA complement each other and combine
them under a unified decision aiding framework. Application of the approach is demonstrated by classifying 27
countries in 4 democracy regimes.
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1. Introduction

In the multiple criteria sorting problem (also called ordinal
classification), a Decision Maker (DM) needs to assign decision al-
ternatives to pre-defined ordered classes [25]. For example, credi-
tors may wish to assign customers to classes with respect to
their reliability to repay debts [15], and banks can be sorted in dif-
ferent groups based on their overall viability, performance and risk
exposure [3]. The assignments depend on the preference informa-
tion elicited from the DM. The preference information may either
directly specify values for the preference parameters, such as
criteria weights, marginal value functions, and profiles or thresh-
olds delimiting the classes, or specify the values indirectly through
assignment examples (e.g. alternative a belongs to class C1) used
to infer the actual parameters. Some multiple criteria sorting pro-
cedures require a large set of preference parameters, and therefore
indirect preference information may be easier for the DM to provide
and to understand [1].

Various elicitation techniques for admitting indirect preference
information have been proposed. Refs. [16–18] introduced tech-
niques for deriving parameters for the pseudo-criterion based
ELECTRE TRI models. For sorting based on value functions, Ref. [24]
proposed a technique for inferring the thresholds separating the
(M. Kadziński),
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classes. Although all these approaches avoid direct elicitation of the
preference information, they deliver different values for the prefer-
ence parameters due to selecting a set of parameters that is “central”,
“mean”, “most discriminant”, or “representative”, and interpreted dif-
ferently in each technique.

Another methodology, termed Robust Ordinal Regression (ROR)
[5,7], takes into account all instances of the preference model compati-
ble with the assignment examples. Ref. [2] proposes to compute, for
each alternative, the best and the worst classes compatible with the
constraints on parameter values of an ELECTRE TRI model provided di-
rectly by the DM or inferred from the assignment examples. Refs. [6,14]
extend the value-function basedUTADISmethod by taking into account
the whole set of compatible additive value functions and computing
a range of possible classes for each alternative. Ref. [14] considers
piecewise linear marginal value functions as in the original UTADIS,
whereas Ref. [6] employs general monotone value functions and ad-
ditionally computes assignments necessarily implied by the set of
compatible value functions.

A different way of handling imprecise preference information in
multiple criteria sorting problems was proposed in SMAA-TRI [22],
that applies Stochastic Multicriteria Acceptability Analysis (SMAA)
[20] to ELECTRE TRI. SMAA-TRI allows ELECTRE TRI to be used with
uncertain, arbitrarily distributed values for weights, cutting level,
and the profiles separating the classes. The method applies Monte
Carlo simulation to estimate class acceptability indices that represent
the share of compatible instances of the preference model assigning
each alternative to a particular class. These indices quantify the amount
of instability in the assignments induced by the imprecise parameter
values.
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mailto:milosz.kadzinski@cs.put.poznan.pl
mailto:tervonen@ese.eur.nl
http://dx.doi.org/10.1016/j.dss.2012.12.030
http://www.sciencedirect.com/science/journal/01679236
http://crossmark.crossref.org/dialog/?doi=10.1016/j.dss.2012.12.030&domain=pdf


56 M. Kadziński, T. Tervonen / Decision Support Systems 55 (2013) 55–66
All the methods discussed above fail to consider some important
issues. On the one hand, RORmethods focus on identifying the possi-
ble and necessary assignments for each alternative and provide
recommendations such as “depending on the chosen compatible
instance of the preference model, the alternative is assigned to
class medium or good or best” and “irrespective of the compatible
model instance, the alternative is assigned to class bad”. However,
our experiences (see e.g. [8,9,12]) indicate that the range of possi-
ble assignment can be rather wide, whereas the set of necessary
assignments is often empty. From this perspective, it is useful to
answer how probable it is for an alternative to be assigned
to each class. Knowing the most and the least probable classes
or the probability of being assigned to the best or worst classes
may be valuable for practical decision support. In particular, a
low probability of an assignment indicates it to be sensitive
for small changes of DM preferences. Thus, ROR may be enriched
with SMAA by answering how probable are the possible assignments.

The SMAA-TRI class acceptability indices can tractably be estimated
to a reasonable accuracy [21]. For example, if we want to achieve an
error limit of 0.01, it can be accomplished with 95% confidence by
performing approximately 104 Monte Carlo iterations. However, the
class acceptability indices estimated through simulation are not exact.
Consequently, an estimated class acceptability of 0 does not exclude
the possibility of the alternative being assigned to the given
class. Although the conditions under which such an assignment is
possible may be very specific, they are still consistent with the
preference information provided by the DM. Thus, it is desirable
to analyze estimation of class acceptability indices of SMAA in
the context of the necessary and possible assignments of ROR to
provide information on which assignments occur with all, some,
or no compatible preference models. Furthermore, although the
SMAA modeling framework is applicable to any preference model,
the sole SMAA method for multiple criteria sorting problems is
SMAA-TRI that extends ELECTRE TRI. Since it applies a pseudo-
criterion based preference model, it requires the DM to understand
the concepts of concordance and discordance as well as the employed
exploitation procedure. Moreover, SMAA-TRI requires preference infor-
mation in the form of density functions for the class profiles, cutting
level, and weights, and their elicitation may be too demanding for the
DM.

To address these problems, in this paper we combine ROR and SMAA
in a joint approach for multiple criteria sorting problems. We focus on
sorting problems applying value functions and adapt SMAA-TRI to
apply general monotone value functions as the preference model. We
consider both threshold- and example-based sorting procedures
that use assignment examples on a subset of reference alternatives
as indirect preference information. We show how the outcomes
provided by the two approaches complement each other and ex-
tend the basic analysis with assignment-based preference relations
that allow comparing pairs of alternatives. These may be useful
when the DM is interested in the recommendation obtained for
some particular alternatives, or when there are a number of alter-
natives possibly assigned to the same range of classes. Discriminat-
ing them with the assignment-based relations provides results such
as “irrespective of the compatible model instance, the class of alter-
native a is never worse than the class of b” or “there is at least one
compatible model instance that assigns a to a class at least as good as
b”. Note that the purpose of the assignment-based preference relation
is not to rank the alternatives, butmerely to enable their pair-wise com-
parisons in a manner compatible with the sorting method.

The organization of this paper is the following. Section 2 intro-
duces the notation and the basic principles of value function based
sorting procedures. In Section 3 we present the new approach for
multiple criteria sorting problems and discuss extensions of the
main proposal. Section 4 demonstrates use of the approach by an-
alyzing an example. The last section concludes.
2. Concepts and notation

We use the following notation:

• A={a1, …, ai, …, an} — a finite set of n alternatives;
• AR={a⁎, b⁎,…} — a finite set of reference alternatives on which the
DM accepts to express preferences. Usually ARpA;

• G={g1, …, gj, …, gm} — a finite set of m evaluation criteria, gj:
A∪AR→ℝ;

• Xj={gj(ai), ai∈A} — the set of evaluations on gj. We assume,
without loss of generality, that the greater gj(ai), the better is alterna-
tive ai on criterion gj;

• x1j ;…; xnj Að Þ
j — the ordered values of Xj, xjkbxjk+1, k=1, …, nj(A)−1,

where nj(A)=|Xj| and nj(A)≤n; consequently, X=∏j=1
m Xj is the

evaluation space;
• C1, …, Cp — p predefined classes ordered so that Ch+1 is preferred to
Ch, h=1, …, p−1.

We assume that the DM provides a set of assignment examples
consisting of a reference alternative a⁎∈AR and its desired assignment
[6]:

a�→ CLDM a�ð Þ;CRDM a�ð Þ
h i

;

where CLDM a�ð Þ;CRDM a�ð Þ
h i

is an interval of contiguous classes
CLDM a�ð Þ;CLDM a�ð Þþ1;…;CRDM a�ð Þ. An assignment example is said to be
precise if LDM(a⁎)=RDM(a⁎) and imprecise otherwise. To assign alter-
natives to the classes we consider two procedures applying additive
value functions of the form:

U að Þ ¼
Xm
j¼1

uj að Þ; ð1Þ

where the marginal value functions uj are defined by uj(xjk), k=1,…,
nj(A); these functions are expected to be monotonically non-decreasing
and normalized so that the overall value (1) is bound within interval
[0,1]. Table 1 summarizes the notation used throughout the paper.

2.1. Threshold-based sorting procedure

In the threshold-based sorting procedure, the limits between
consecutive classes Ch, h=1,…, p, are defined by a vector of thresholds
t={t1, …, tp−1} such that 0b t1b…b tp−1b1, and th−1 and th are, re-
spectively, the lower and upper threshold of class Ch, h=2, …, p−1.
Note that t1 is an upper threshold of class C1 while the lower threshold
is 0, and tp−1 is a lower threshold of class Cp while the upper threshold
is >1.

We represent the DM preferences with a pair (U, t), where U is an
additive value function and t is a vector of thresholds delimiting the
classes. The set of pairs (U , t)R compatible with the provided assign-
ment examples is defined with the following constraints:

U að Þ ¼ ∑m
j¼1uj að Þ;∀a∈A;

U a�ð Þ≥tLDM a�ð Þ−1; U a�ð Þ þ ε≤tRDM a�ð Þ; ∀a�∈AR
;

t1≥ε; tp−1≤1−ε;
th−th−1≥ε; h ¼ 2;…;p−1;

uj xkj
� �

−uj x k−1ð Þ
j

� �
≥0; j∈J; k ¼ 2;…;nj Að Þ;

uj x1j
� �

¼ 0; j∈J;∑m
j¼1uj x

nj Að Þ
j

� �
¼ 1;

gEBASE gETH ð2Þ

where ε is an arbitrarily small positive value. Note that for clarity of
presentation, the above formulation defines the characteristic points
of marginal value functions with the evaluations of all alternatives
(A), although it is sufficient to consider only the reference alternatives
(AR) [6].



Table 1
Notation.

Notation Meaning

UR Set of value functions U compatible with the DM
preferences

(U, t)R Set of pairs (U, t) compatible with the DM preferences
USMAA Set of value functions U obtained in the SMAA

simulation process
(U, t)SMAA Set of pairs (U, t) obtained in the SMAA simulation

process
UREP Representative value function
CLU að Þ; CRU að Þ
h i

Assignment of a with a value function U
C(U, t)(a) Assignment of a with pair (U, t)
CLDM a�ð Þ;CRDM a�ð Þ
� 	

Assignment provided by the DM for a reference
alternative a⁎∈AR

CREP (a) Assignment of a with a representative value function
UREP

CP(a)=[LP(a), RP(a)] Possible assignment of a∈A
CN(a)=[LN(a), RN(a)] Necessary assignment of a∈A
a→P Ch Possible assignment of alternative a∈A to class Ch,

i.e. h∈CP (a)
a→NCh Necessary assignment of alternative a∈A to class Ch,

i.e. h∈CN (a)
acNb Necessary preference relation for pair (a, b) a∈A×A
acPb Possible preference relation for pair (a, b)∈A×A
ac→,Nb Necessary assignment-based preference relation for

pair (a, b)∈A×A
ac→,Pb Possible assignment-based preference relation for

pair (a, b)∈A×A
CAI(a, h) Class acceptability index for a∈A and class Ch
CAI(a, [hL, hR]) Class acceptability index for a∈A and a range of

classes ChL
; ChR

� 	
CuCAI(a, h) Cumulative class acceptability index for a∈A and

class Ch
APOI(a, b) Assignment-based pair-wise outranking index for pair

(a, b)∈A×A
APWI(a, b) Assignment-based pair-wise winning index for pair

(a, b)∈A×A
EBASE Monotonicity and normalization constraints for

marginal value functions
ETH Constraints defining the set of compatible pairs (U, t)R

EEX Constraints defining the set of compatible value
functions UR

EY
X(Z) Set of constraints for computing Z for parameters Y and

procedure X
X∈{TH, EX} Sorting procedures: THreshold-based, EXample-based
Z∈{a→PCh, a→

NCh,
ac→,Pb, ac→,Nb}

Possible and necessary assignment of a to Ch
Possible and necessary assignment-based preference
relations for pair (a, b)

E a→ ChL
;ChR

� 	� �
Constraints assigning a∈A to the range of classes
ChL

; ChR

� 	
with the example-based sorting procedure

Ah Set of reference alternatives that are assigned by the
DM to a class other than Ch
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The threshold-based sorting model is completely defined with
(U, t)∈(U, t)R, and alternative a is assigned to class Ch (a→Ch) iff
U(a)∈[th−1, th[. Let us denote byC(U, t) (a) the class towhich alternative
a is assigned with this procedure parameterized with (U, t).

2.2. Example-based sorting procedure

In the example-based sorting procedure the classes are explicitly
delimited by the assignment examples. The set of value functions UR

compatible with the DM preferences is defined with the following
constraints:

U að Þ ¼ ∑m
j¼1uj að Þ;∀a∈A;

U a�ð Þ≥U b�ð Þ þ ε; ∀a�; b�∈AR
: LDM a�ð Þ > RDM b�ð Þ;

EBASE;
gEEX ð3Þ
where ε is an arbitrarily small positive value. Then, alternative a is

assigned to an interval of classes CLU að Þ;CRU að Þ
h i

a→ CLU að Þ;CRU að Þ
h i� �

in the following way:

LU að Þ ¼ Max 1f g∪ LDM a�
� �

: U a�
� �

≤U að Þ; a�∈AR
n on o

;

RU að Þ ¼ Min pf g∪ RDM a�
� �

: U a�
� �

≥U að Þ; a�∈AR
n on o

:

Note that if we consider only a single value function U and choose,
for each h=1, …, p−1, a threshold th

U from within the interval

Maxa� :RDM a�ð Þ≤h U a�
� �� �

; Mina� :LDM a�ð Þ>h U a�
� �� �h i

we obtain the threshold-based sorting procedure assigning each refer-

ence alternative a⁎∈AR to a single class in CLDM a�ð Þ;CRDM a�ð Þ
h i

, and each

non-reference alternative to a single class in CLU að Þ;CRU að Þ
h i

(see Proposi-

tion 3.4 in Ref. [6]). That is, whereas the example-based procedure

would assign a to a set of contiguous classes CLU að Þ;CRU að Þ
h i

such that

RU(a)may be strictly greater than LU(a), the threshold-based procedure
parameterized with the pair (U, t) assigns a precisely to a single class
C(U,t)(a), since U(a) is always within [th−1, th[for an h∈{1,…, p}. More-
over, if the DM provides an imprecise assignment for a reference alter-
native a⁎∈AR (e.g. a⁎→[C2, C3]), this assignment cannot be
reproduced with the threshold-based procedure using a single pair
(U, t). Instead, a⁎ is assigned to the classes specified by the DMby differ-
ent compatible pairs (U, t) (e.g. a⁎ is assigned to C2 by (U1, t1)∈(U , t)R
and to C3 by (U2, t2)∈(U , t)R, but there is no pair (U, t)∈(U , t)R that as-
signs a⁎ to the complete range [C2, C3]).

3. Stochastic ordinal regression formultiple criteria sorting problems

3.1. Possible and necessary assignments

Given a set AR of assignment examples and a corresponding set of
compatible instances of the preference model (i.e. compatible pairs
(U , t)R for the threshold-based sorting procedure or compatible
value functions UR for the example-based sorting procedure), for
each alternative a∈A, the possible assignment CP(a) is defined as
the set of indices of classes Ch for which there exists at least one
compatible preference model instance assigning a to Ch, and the
necessary assignment CN(a) as the set of indices of classes Ch for
which all compatible preference models assign a to Ch. That is,
the necessary and possible assignments for the threshold-based
procedure are:

CP að Þ ¼ h∈H : ∃ U; tð Þ∈ U; tð ÞR;C U;tð Þ að Þ ¼ h
n o

;

CN að Þ ¼ h∈H : ∀ U; tð Þ∈ U; tð ÞR;C U;tð Þ að Þ ¼ h
n o

;

and the assignments for the example-based procedure the follow-
ing:

CP að Þ ¼ h∈H : ∃U∈UR
; LU að Þ≤h≤RU að Þ

n o
;

CN að Þ ¼ h∈H : ∀U∈UR
; LU að Þ≤h≤RU að Þ

n o
:

Let us now define LP(a), RP(a), LN(a), and RN(a) as indices of the
worst and the best classes to which alternative a is assigned possibly
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(P) or necessarily (N) by the set of compatible instances of the preference
model, i.e.:

CP að Þ ¼ LP að Þ;RP að Þ½ �; and CN að Þ ¼ LN að Þ;RN að Þ½ �:

3.1.1. Computation of the possible and necessary assignments for the
threshold-based procedure

The possible assignment of a∈A can be computed by considering
Theorem 1 for each h∈H.

Theorem 1. ∀a∈A, ∀h∈H, ∃(U, t)∈(U, t)R: C(U, t) (a)=h, i.e. a→ PCh iff
ETH(a→ PCh) given below is feasible and ε⁎=max ε s.t. ETH (a→ P Ch)>0.

A1½ � U að Þ≥th−1; if h≥1;
A2½ � U að Þ þ ε≤th; if h≤p−1;
A3½ � ETH: gETH a→PCh

� �

Proof. In e-Appendix A.1. □

The necessary assignment of alternative a is computed by consid-
ering Theorem 2 for each h∈H.

Theorem 2. ∀a∈A, ∀h∈H, ∀(U, t)∈(U , t)R: C(U, t) (a)=h, i.e. a→NCh
iff ETH (a→ NCh) given below is infeasible or ε⁎=max ε s.t. ETH

(a→NCh)≤0.

B1½ � U að Þ þ ε≤th−1 þM⋅υ1; if h≥1;
B2½ � U að Þ≥th−M⋅υ2; if h≤p−1;
B3½ � υ1 þ υ2 ¼ 1; if 1≤h≤p� 1;
B4½ � υ1;υ2∈ 0;1f g;
B5½ � ETH;

gETH a→NCh

� �

where M is a big positive value (in fact, it is enough if M>1).

Proof. In e-Appendix A.2. □

Note that instead of using the Mixed-Integer Linear Programming
(MILP) formulation ETH(a→ NCh), we can consider two separate sets
of Linear Programming (LP) constraints: {ETH∪U(a)+ε≤ th−1} and
{ETH∪U(a)≥ th}. Then, by proceeding analogously to the analysis of
a→NCh, we can verify whether either U(a)≥ th−1 or U(a)b th holds
∀(U, t)∈(U , t)R, similarly to what is proposed in Ref. [6].

3.1.2. Computation of the possible and necessary assignments for the
example-based procedure

Computing the possible assignment for a∈A requires considering
Theorem 3 for each h∈H.

Theorem 3. ∀a∈A, ∀h∈H: a→ P Ch iff EEX(a→ P Ch) given below is
feasible and ε⁎=max ε s.t. EEX(a→ P Ch)>0.

C1½ � U að Þ þ ε≤U a�ð Þ; ∀a�∈AR
: LDM a�ð Þ>h; if h≤p−1;

C2½ � U að Þ≥U a�ð Þ þ ε; ∀a�∈AR
: RDM a�ð Þbh; if h≥2;

C3½ � EEX :
gEEX a→PCh

� �
:

Proof. In e-Appendix A.3. □

The necessary assignment for a∈A can be computed by considering
Theorem 4 for each h∈H.
Theorem 4. ∀a∈A, ∀h∈H: a→ NCh iff EEX(a→ NCh) given below is
infeasible or ε⁎=max ε s.t. EEX(a→ NCh)≤0.

D1½ � U að Þ≥U a�ð Þ−M⋅υa� ;∀a�∈AR
: LDM a�ð Þ>h; if h≤p−1;

D2½ � U að Þ≤U a�ð Þ þM⋅υa� ;∀a�∈AR
: RDM a�ð Þbh; if h≥2;

D3½ � Σa�∈Ahυa� ¼ Ah



 


−1;

D4½ � υa�∈ 0;1f g;∀a�∈Ah
;

D5½ � EEX ;

gEEX a→NCh

� �

where Ah={a⁎∈AR: LDM (a⁎)>h if h≤p−1, or RDM (a⁎)bh, if h≥2},

Proof. In e-Appendix A.4. □

Analogously to the threshold-based procedure, instead of using
the above MILP formulation, we can verify individually for each of
the |Ah| conditions whether they hold for at least one U∈UR. In this
case we need to solve at most 2·|AR| LP problems. Further discussion
on the problem formulation and on an alternative approach can be
found in e-Appendix B.

3.2. Possible and necessary assignment-based preference relations

For the threshold-based sorting procedure, the possible (c→,P)
and necessary (c→,N) assignment-based weak preference relations
are defined as:

ac→;P b⇔∃ U; tð Þ∈ U; tð ÞR : C U;tð Þ að Þ≥C U;tð Þ bð Þ; ð4Þ

ac→;N b⇔∀ U; tð Þ∈ U; tð ÞR : C U;tð Þ að Þ≥C U;tð Þ bð Þ; ð5Þ

and for the example-based sorting procedure, these relations are:

ac→;P b⇔∃U∈UR LU að Þ≥LU bð Þ
h i

and RU að Þ≥RU bð Þ
h i

; ð6Þ

ac→;N b⇔∀U∈UR
: LU að Þ≥LU bð Þ
h i

and RU að Þ≥RU bð Þ
h i

: ð7Þ

If ac→,Nb, alternative a is always assigned to a class at least as
good as alternative b. On the other hand, if ac→,Pb, a is some-
times assigned to a class not worse than b. Finally, if ¬(ac→,Pb),
then b is assigned to a class better than a for all compatible in-
stances of the preference model. c→,P and c→,N satisfy the following
properties:

Proposition 1.

1. c→,Npc→,P;
2. c→,N is a partial preorder (i.e., it is reflexive (∀a∈A, ac→,Na) and

transitive (∀a, b, c∈A, if ac→,Nb and bc→,Nc, then ac→,Nc));
3. c→,P is strongly complete (i.e., ∀a, b∈A, ac→,Pb or bc→,Pa) and

negatively transitive (i.e., ∀a, b, c∈A, if ¬(ac→,Pb) and ¬(bc→,Pc),
then ¬(ac→,Pc)) binary relation.

Proof. In e-Appendix C. □

3.2.1. Computation of the relations for the threshold-based procedure
The truth of relation (4) is verified by considering Theorem 5.
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Theorem 5. ∀a,b∈A :ac→,Pb iff ∃h∈{1,…,p} such that Eh
TH(ac→,Pb)

given below is feasible and ε*=max ε s. t. EhTH(ac→,Pb)>0.

E1½ � U að Þ≥th−1; if h≥ 1;
E2½ � U bð Þ þ ε≤th; if h≤ p−1;
E3½ � ETH:

gETHh ac→;P b
� �

: ð8Þ

Proof. In e-Appendix D.1. □

Relation (5) can be computed by considering Theorem 6.

Theorem 6. ∀a,b∈A :ac→,Nb iff ∀h∈{1, …, p−1}: Eh
TH(ac→,Nb)

given below is infeasible or ε*=max ε s. t. EhTH(ac→,Nb)≤0.

F1½ � U bð Þ≥th;
F2½ � U að Þ þ ε≤th;
F3½ � ETH: gETHh ac→;N b

� �
: ð9Þ

Proof. In e-Appendix D.2. □

3.2.2. Computation of the relations for the example-based procedure
ac→,Pb for the example-based procedure iff one of the following

holds:

1. ac→,Pb, i.e. ∃U∈UR: U(a)≥U(b);
2. ¬(ac→,Pb), i.e.∀U∈UR : U að ÞbU bð Þ, but ∃U∈UR that assigns a and b

to the same range ChL ;ChR

� 	
.

The first condition can be verified with the LP discussed in
e-Appendix E. For the second condition, note that an assignment to
ChL ;ChR

� 	
is possible iff ∃(hL, hR)∈H×H such that:

hL∈ h∈H;∃a�∈AR : LDM a�ð Þ ¼ hL
n o

;

hR∈
n
h∈H;∃a�∈AR

: RDM a�ð Þ ¼ hR and
h
LDM a�ð Þ ¼ hL

or LDM a�ð Þ ¼ r > hL : ∄b�∈AR
; hLbLDM b�ð Þbr

� io
:

g ð10Þ

Theorem 7. The set of conditions that guarantee assignment of a∈A to
the range of classes ChL ;ChR

� 	
is the following:

G1½ �U að Þ≥U a�ð Þ−M⋅υa� ;∀a�∈AR
; LDM a�ð Þ ¼ hL;

G2½ �∑a�∈AhLυa� ¼ AhL



 


−1;

G3½ �U að Þ þ ε≤U a�ð Þ;∀a�∈AR
; LDM a�ð Þ>hL;

G4½ �U að Þ≤U a�ð Þ þM⋅υa� ;∀a�∈AR
;RDM a�ð Þ ¼ hR;

G5½ �∑a�∈AhRυa� ¼ AhR



 


−1;

G6½ �U að Þ≥U a�ð Þ þ ε;∀a�∈AR
;RDM a�ð ÞbhR;

G7½ �υa�∈ 0;1f g;∀a�∈AR
; LDM a�ð Þ ¼ hL or RDM a�ð Þ ¼ hR;

gE a→ ChL
;ChR

h i� �
ð11Þ

where AhL ¼ a�∈AR
; LDM a�ð Þ ¼ hL

n o
and AhR ¼ a�∈AR

;RDM a�ð Þ ¼ hR
n o

.

Proof. In e-Appendix D.3. □

Now, to compute ac→,Pb we need to consider Theorem 8.

Theorem 8. ∀a,b∈A :ac→,Pb iff either ac Pb or EEXhL ;hRð Þ ac→; P b
� �

given below is feasible and ε� ¼ max ε s:t: EEXhL ;hRð Þ ac→; P b
� �

> 0

for a pair (hL, hR) satisfying (10).

H1½ � E a→ ChL
;ChR

h i� �
;

H2½ � E b→ ChL
;ChR

h i� �
;

H3½ � U að Þ þ ε≤U bð Þ;
H4½ � EEX :

gEEXhL ;hRð Þ ac→; P b
� �

:

Proof. In e-Appendix D.4. □

ac→,Nb for the example-based procedure iff the following condi-
tions hold:

1. ∀U∈UR : LU að Þ≥LU bð Þ;
2. ∀U∈UR : RU að Þ≥RU bð Þ:

The first condition can be verified by considering Theorem 9.

Theorem 9. ∀a, b∈A, ∀U∈ UR: LU(a)≥LU(b) iff ∀h∈{2, …, p}, such
that ∃a⁎∈AR, LDM(a⁎)=h the set of constraints Eh,L

EXac→,Nb) given
below is infeasible or ε*=max ε s. t. Eh,L

EX (ac→,Nb)≤0.

I1½ � U að Þ þ ε≤U a�ð Þ;∀a�∈AR : LDM a�ð Þ≥h;
I2½ � U bð Þ≥U a�ð Þ−M⋅υa� ;∀a�∈AR : LDM a�ð Þ≥h;

I3½ � ∑Ah;Lυa� ¼ Ah;L



 


−1;

I4½ � υa�∈ 0;1f g;∀a�∈AR : LDM a�ð Þ≥h;
I5½ �EEX ;

gEEXh;L ac→;N b
� �

ð12Þ

where Ah,L={a⁎∈AR: LDM(a⁎)≥h}.

Proof. In e-Appendix D.5 (Condition 1). □

The second condition can be verified by considering Theorem 10.

Theorem 10. ∀a, b∈A, ∀U∈ UR: RU(a)≥RU(b) iff ∀h∈{1, …, p−1}
such that ∃a⁎∈AR, RDM(a⁎)=h, the set of constraints Eh,R

EX(ac→,Nb)
given below is infeasible or ε*=max ε s. t. Eh,R

EX (ac→,Nb)≤0.

J1½ � U bð Þ≥U a�ð Þ þ ε;∀a�∈AR : RDM a�ð Þ≤h;
J2½ � U að Þ≤U a�ð Þ þM⋅υa� ;∀a�∈AR : RDM a�ð Þ≤h;

J3½ � ∑Ah;Rυa� ¼ Ah;R



 


−1;

J4½ � υa�∈ 0;1f g;∀a�∈AR : RDM a�ð Þ≤h;
J5½ � EEX ;

gEEXh;R ac→;N b
� �

ð13Þ

where Ah,R={a⁎∈AR: RDM(a⁎)≤h}.

Proof. In e-Appendix D.5 (Condition 2). □

Note that the number of MILP that need to be solved can be
reduced by first computing the necessary preference relation
acNb (see e-Appendix E), as U að Þ≥U bð Þ ∀U∈UR⇒LU að Þ≥LU bð Þ;RU að Þ≥
RU bð Þ ∀U∈UR⇒ac→;N b:

3.3. Class acceptability indices

When using the threshold-based sorting procedure, the class ac-
ceptability index CAI(a,h)∈ [0,1] is the share of compatible pairs (U,
t)∈(U , t)R that assign alternative a to class Ch. It is computed as a
multi-dimensional integral over the space of uniformly distributed
value functions and assignment thresholds compatible with the as-
signment examples:

CAI a;hð Þ ¼ ∫ U;tð Þ∈ U;tð ÞRm U; t; a; hð Þd U; tð Þ; ð14Þ

where m(U, t, a, h) is the class membership function:

m U; t; a; hð Þ ¼ 1; if U að Þ∈
h
th−1;th

h
;

0; otherwise:

(
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The class acceptability index can be interpreted as a probability of
membership to the particular class. Note that ∑h=1

p CAI(a,h)=1 for
each a∈A.

The class acceptability index for the example-based sorting
procedure, C AI(a, [hL, hR]), is defined on a range of contiguous
classes ChL ;ChLþ1;…;ChR

� 	
, with hL≤hR (hL, hR∈H), analogously

to (14) as the share of compatible value functions U∈ UR that
assign alternative a precisely to the range of classes
ChL ;ChLþ1;…;ChR

� 	
(i.e., LU (a)=hL and RU (a)=hR). Note that

∀a∈A : ∑ hL ;hR½ �:1≤hL≤hR≤pCAI a; hL;hR½ �ð Þ ¼ 1.
We can also compute the share of U∈UR for which Ch is within

CLU að Þ;…;CRU að Þ� 	
, i.e. the share of functions that either precisely or

imprecisely assign a to Ch. Let us call such a share the cumulative
class acceptability index CuCAI(a,h). We define it as:

CuCAI a; hð Þ ¼ ∑
hL ;hR½ �:h∈ hL ;hR½ �

CAI a; hL; hR½ �ð Þ: ð15Þ

3.4. Assignment-based pair-wise outranking indices

The assignment-based pair-wise outranking index APOI(a, b) is
defined for the threshold-based sorting procedure as the share of
compatible pairs (U, t)∈(U , t)R that assign a to a class at least as
good as b. It is computed as a multi-dimensional integral over the
space of uniformly distributed value functions and assignment thresh-
olds compatible with the assignment examples:

APOI a; bð Þ ¼ ∫ U;tð Þ∈ U;tð ÞRC
U;tð Þ að ÞcC U;tð Þ bð Þd U; tð Þ: ð16Þ

For the example-based procedure, APOI(a, b) is defined analo-
gously to Eq. (16) as the share of compatible value functions U∈UR

assigning a to the range of classes which is at least as good as the
range of classes of b, i.e. LU(a)≥LU(b) and RU(a)≥RU(b). Conse-
quently, for any (a, b)∈A×A:

APOI a; bð Þ∈ 0;1½ � and APOI a; bð Þ þ APOI b; að Þ≥1;

and APOI(a, a)=1. We define the share of compatible instances of
the preference model for which a is assigned to a class strictly better
than b as the assignment-based pair-wise winning index, APWI(a,
b)=1−APOI(b, a).

3.5. Estimation of the stochastic model

Estimating CAI and APOI require sampling uniformly from the set
of compatible value functions, and additionally from the space of
thresholds for the threshold-based procedure. The level values of a
general monotone marginal value function uj(·) with nj levels are
obtained by sampling uniformly nj−2 numbers from [0,1], sorting
them in an ascending order, and adding 0 to the beginning of the se-
quence and 1 to the end (Algorithm 1 in Ref. [21]). A similar proce-
dure can be used for sampling the threshold values by adjusting the
last sequence number to be >1. After sampling all n marginal value
functions, they are scaled with weights sampled uniformly from an
n−1 simplex (Algorithm 2 in Ref. [21]). This leads to sampling uni-
formly from the space of all general monotone value functions. To
sample from the restricted space, a naive rejection technique can be
applied in low dimensionality problems as only 10,000 functions are
needed to estimate the indices with a sufficient accuracy [21].

3.6. Results of ROR versus outcomes of SMAA

The stochastic indices CAI, CuCAI and APOI can be computed exactly
only in very small problems and in this section we will consider their
estimations computed through Monte Carlo simulation, CAI′, CuCAI′
and APOI′. Let us denote the sample of pairs (U, t) taken into account
in the simulation process of SMAA by (U , t)SMAAp(U , t)R, and the re-
spective sample of value functions U by USMAApUR.

The outcomes of ROR and SMAA concerning assignments to classes
with the threshold-based procedure relate to each other as follows:

Proposition 2. For an alternative a∈A:

1. h∈ [1, LP(a))∪(RP(a), p]⇒CAI′(a, h)=0;
2. h∈ [LP(a), RP(a)]⇒CAI′(a, h)∈ [0,1];
3. ∑h=LP(a)

RP(a) CAI ' (a,h)=1;
4. h=CN(a)⇒CAI′(a, h)=1;
5. CAI′(a, h)>0⇒h∈ [LP(a), RP(a)], i.e., LP(a)≤h and h≤RP(a); in

particular, CAI′(a, h)=1⇒h∈ [LP(a), RP(a)];
6. CAI′(a, h)b1⇒h≠CN(a).

Proof. Considering an alternative a∈A:

1. If h∉ [LP(a), RP(a)], there is no compatible pair (U, t)∈(U, t)Rt(U ,
t)SMAA assigning a to Ch; hence CAI′(a, h)=0.

2. If h∈[LP(a), RP(a)], there may be no compatible pair (U, t)∈(U ,
t)SMAA assigning a to Ch, in case (U , t)SMAA⊂(U , t)R; then CAI′(a,
h)=0. Alternatively, the sample analyzed in SMAA may contain at
least one compatible instance (U, t)∈(U, t)SMAA assigning a to Ch;
then CAI′(a, h)>0. Hence, if h∈[LP(a), RP(a)], then CAI′(a, h)∈ [0,1].
This implies that the range of possible classes may be wider than
the set of classes for which CAI′(a, h)>0.

3. From {h∈ [1, LP(a))∪(RP(a), p]⇒CAI′(a, h)=0} and {∑h=1
p CAI ' (a,

h)=1}, we obtain ∑h=LP(a)
RP(a) CAI ' (a,h)=1.

4. If the necessary assignment for a∈A is not empty, all compatible
pairs (U, t)∈(U , t)Rt(U , t)SMAA assign a to Ch, such that h=
CN(a);hence CAI′(a, h)=1.

5. If CAI′(a, h)>0, then there exists at least one compatible instance
(U, t)∈(U, t)Rt(U , t)SMAA assigning a to Ch, and thus h∈ [LP(a),
RP(a)]. Even if CAI′(a, h)=1, there may be a compatible instance
(U, t)∈(U , t)R\(U , t)SMAA not assigning a to Ch. Thus, in this case,
we can only deduce that h∈ [LP(a), RP(a)], but not h=CN(a). In
fact, with respect to the necessary assignment, from the analysis
of CAI′ we can only infer the negative information.

6. If CAI′(a, h)b1, then there exists at least one compatible instance
(U, t)∈(U, t)Rt(U , t)SMAAnot assigning a to Ch; hence h≠CN(a). □

The interdependencies between the outcomes of ROR and SMAA
concerning assignments to classes with the example-based procedure
are summarized by the following proposition.

Proposition 3. For an alternative a∈A:

1. ¬([hL, hR]p [LP(a), RP(a)])⇒CAI′(a, [hL, hR])=0;
2. ([hL, hR]p [LP(a), RP(a)]⇒CAI′(a, [hL, hR])∈ [0,1];
3. ∑ hL ;hR½ �:LP að Þ≤hL≤hR≤RP að ÞCAI

0 a; hL; hR½ �ð Þ ¼ 1;
4. CAI′(a,[hL, hR])>0⇒([hL, hR]p([LP(a), RP(a)], i.e., LP(a)≤hL and

hR≤RP(a);
5. h∈CN(a)⇒CuCAI′(a, h)=1;
6. CuCAI′(a, h)>0⇒h∈ [LP(a), RP(a)], i.e., LP(a)≤h and h≤RP(a); in

particular, CuCAI′(a, h)=1⇒h∈ [LP(a), RP(a)];
7. CuCAI′(a, h)b1⇒¬(hpCN(a)).

Proof. 1–4 Analogously to the proof of Proposition 2 (1–4) with the
exception of considering class acceptability with respect to the ranges
of classes [hL, hR], with hL≤hR, rather thanwith respect to the individual
classes h∈H.

5–7 Analogously to the proof of Proposition 2 (5–7) with the ex-
ception of considering CuCAI′(a, h) rather than CAI′(a, h) and assign-
ments to the ranges of contiguous classes containing Ch rather than
the precise assignments to Ch. □
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Let us now discuss the interdependencies between the outcomes
of ROR and SMAA concerning assignment-based preference relations.
They are summarized by Proposition 4.

Proposition 4. For a pair of alternatives a, b∈A:

1. ac→,Nb⇒APOI ' (a,b)=1;
2. ¬(ac→,Pb)⇒APOI ' (a,b)=0 and APWI ' (b, a)=1;
3. APOI ' (a,b)>0⇒ac→,Pb; in particular, APOI ' (a,b)=1⇒ac→,Pb;
4. APOI ' (a,b)b1⇒¬(ac→,Nb).

Proof. Considering a pair of alternatives a, b∈A:

1. If ac→,Nb, the class of a is at least as good as the class of b for all
compatible instances of the preference model, including the sample
analyzed in the simulation process of SMAA; hence APOI′(a,b)=1.

2. If ¬(ac→,Pb), a is assigned to a class worse than b for all compatible
instances of the preference model, including the sample analyzed in
the simulation process of SMAA; hence APOI′(a,b)=0.

3. If APOI′(a,b)>0, there exists at least one compatible instance of the
preference model assigning a to a class at least as good as b, and
thus ac→,Pb.

4. If APOI′(a,b)b1, there exists at least one compatible instance of the
preference model assigning a to a class worse than b, and thus
¬(ac→,Nb). □

Consequently, by analyzing APOI′ we can only deduce truth of the
possible relation (if APOI′(a,b)>0) or falsity of the necessary relation
(if APOI′(a,b)b1), not the complete relations.

3.7. Relation between provided preference information and the model
outcomes

The joint application of SMAA and ROR for multiple criteria sorting
problems is designed for incremental specification of assignment exam-
ples. The suggested procedure is to provide new assignment examples
for alternatives with multiple possible assignments but significantly
higher CAI′ for a proper subset of CP(a) than for the remaining classes.
In the same spirit, the DM may wish to make more precise the assign-
ments of some reference alternatives already considered in the previous
iteration. Furthermore, the DM may analyze the assignment-based
weak preference relations, and in the following iteration provide dis-
joint assignments for pairs of alternatives (a, b)∈A×A for which
APWI(a,b) is close to one.

Note that for any a⁎∈AR with a�→ CLDM a�ð Þ;CRDM a�ð Þ
� 	

[6]:

LP a�
� �

≥LDM a�
� �

and RP a�
� �

≤RDM a�
� �

:

If the assignment provided by the DM is precise, the necessary
assignment is not empty. Thus, by providing more exemplary as-
signments, the DM may directly enrich the necessary assignment
or make the possible assignment more precise. For a pair of refer-
ence alternatives a⁎, b⁎∈AR the following implications are satisfied
when considering the ranges of desired classes provided by the
DM:

LDM a�
� �

≥RDM b�
� �

⇒ac→;Nb and APOI′ a�; b�
� � ¼ 1;

LDM a�
� �

> RDM b�
� �

⇒ I bc→;Pa
� �

and APOI′ b�; a�
� � ¼ 0:

3.8. Selection of a representative value function

If the set of value functions compatiblewith the provided preference
information is not empty, traditional UTA-like methods apply some
rules to select a single value function for the subsequent analysis (see
e.g. [10,19,24]). These rules indicate the “mean”, “central”, or “most dis-
criminant” value function. On the other hand, Refs. [8,11] introduced
the notion of a representative value function. In this case, the represen-
tativeness of the selected value function is based on ROR outcomes that
can be obtained with all compatible value functions. The representative
preference model for sorting problems was originally selected with an
interactive procedure that involved theDMsupplyingprioritieswith re-
spect to pre-defined targets [8]. For example, if the advantage of one al-
ternative over the other is acknowledged by all compatible value
functions (e.g. if the worst possible class of a is better than the best pos-
sible class of b), then the representative value function is selected so
that the difference between the values of the two alternatives is maxi-
mized. On the contrary, if the comparison of a pair of alternatives is
not clearly in favor of one of them (e.g. if for all compatible value func-
tions a and b are assigned to the same class or the order of classes for a
and b for different compatible functions is not univocal), then the repre-
sentative value function should minimize the difference between their
comprehensive values.

Selection of a single, representative value function allows less ab-
stract analysis than that of the whole set of compatible value functions.
In this way, the DM can assess alternatives based on exact numerical
values and inspect relative importance of the criteria through their
scaling constants. In addition, the possibility to represent numerous
compatible sorting models with a single value function can improve
robustness of decisions based on the applied model.

We provide a representative value function selection procedure
that incorporates APWIs to allow formulating more precise require-
ments than those in Ref. [8] while sharing the same motivation and
interpretation of representativeness. Incorporating APWI into the rep-
resentative value function can help the DM understand better the re-
sults of the stochastic analysis. The general additive value functions
provide measurable preference intensities U(a)−U(b), and our pro-
cedure relates these intensities with APWI′(a, b), that is, the share of
compatible value functions for which a is assigned to a class better
than b. In this way, we build the representative value function on
the recommendation provided by all compatible value functions con-
sidered in the stochastic analysis.

Precisely, when considering the comparison of a and b, we promote
an alternative assigned to a better class for the majority of compatible
value functions. In such a case, a representative value function UREP

needs to satisfy the following additional requirement for a, b∈A:

if APWI′ a; bð Þ > APWI′ b; að Þ; then UREP að Þ > UREP bð Þ:

If the share of compatible value functions assigning a to a class
better than b is greater than the share of compatible value functions
for which a is assigned to a class worse than b, then it is reasonable to
require U(a) to be greater than U(b). The following procedure, called
REPDIS, selects a representative value function for the example-based
sorting procedure:

1. For all a, b∈A, such that APWI′(a, b)>APWI′(b, a), add the following
constraints to the set of constraints EEX:

U að Þ−U bð Þ≥ε a; bð Þ;
ε a; bð Þ≥ε:

2. Maximize ε, subject to the set of LP constraints from point (1), i.e.
maximize the minimal intensity of preference for pairs (a, b), such
that APWI′(a, b)>APWI′(b, a). When using such a maximin rule,
the obtained results can be easily interpreted, i.e. we can observe
what is the minimal intensity of preference for pairs of alternatives
satisfying the conditions.

3. Add the constraint ε=ε⁎, with ε⁎=max ε from the previous point,
to the set of LP constraints considered in point (1). This allows to



Table 3
Preference information provided by the DM for the problem of assigning
countries to different types of regimes.

Class Assigned countries

C4 Japan
C3 Taiwan, Timor Leste, Malaysia
C2 Hong Kong, Bangladesh, Bhutan
C1 China, Afghanistan
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maintain the differences of values of pairs of alternatives consid-
ered in point (1) at their optimized levels.

4. Maximize∑a,b : APWI′(a,b)>APWI′(b,a)ε(a,b), subject to the set of LP
constraints from point (3), i.e. choose a function for which the sum
of elementary components optimized in point (2) is optimal. This
allows potential tie-breaking between value functions for which
ε⁎ from point (3) is optimal.

5. Read off the representative comprehensive values UREP(a) and cor-
responding marginal values from the solution of the LP problem
considered in point (4).

It is clear that each procedure for selecting a single value function
implements a different idea, therefore introducing a degree of arbi-
trariness and instrumental bias into the obtained results, which will
consequently vary depending on the procedure applied. We leave
the choice of the most appropriate procedure for selecting a represen-
tative value function to the analyst.
4. Illustrative study

Let us consider a problem of assigning countries to four types of
regimes: full democracies (C4), flawed democracies (C3), hybrid re-
gimes (C2), and authoritarian regimes (C1). This problem has been
originally considered by the Economist Intelligence Unit (EIU) [4].
They took into account sixty indicators grouped in five categories:
electoral process and pluralism (g1), functioning of the government
(g2), political participation (g3), political culture (g4), and civil liberties
(g5). We classify 27 countries (Table 2) applying the example-based
sorting procedure and assume a DM to have provided preference infor-
mation in form of the nine exemplary assignments in Table 3. These are
consistent and the set of compatible instances of the preference model
is not empty.
Table 2
Countries' performance matrix, their possible and necessary assignments to the four
types of regimes, and assignments with a representative value function selected with
REPDIS.

Country (a) g1
(a)

g2
(a)

g3
(a)

g4
(a)

g5
(a)

LP
(a)

RP
(a)

LN
(a)

RP
(a)

CREP

(a)

New Zealand 10.00 9.29 8.89 8.13 10.00 4 4 4 4 C4
Australia 10.00 8.93 7.78 9.38 10.00 4 4 4 4 C4
South Korea 9.17 7.86 7.22 7.50 8.83 3 4 – – C3–C4
Japan 9.17 8.21 6.11 7.50 9.41 4 4 4 4 C4
Taiwan 9.58 7.14 5.56 5.63 9.71 3 3 3 3 C3
India 9.58 8.57 4.44 4.38 9.41 2 4 – – C3–C4
Timor Leste 8.67 6.79 5.56 6.88 8.24 3 3 3 3 C3
Thailand 7.83 6.07 5.56 6.25 7.06 2 3 – – C2–C3
Papua New Guinea 7.33 6.43 4.44 6.25 8.24 2 3 – – C2–C3
Indonesia 6.92 7.50 5.58 5.63 7.06 2 4 – – C2–C3
Mongolia 8.33 5.71 3.89 5.63 8.24 2 3 – – C2–C3
Malaysia 6.50 6.79 5.56 6.25 5.88 3 3 3 3 C3
Philippines 8.33 5.00 5.00 3.13 9.12 1 3 – – C2–C3
Hong Kong 3.50 5.36 4.44 6.88 9.41 2 2 2 2 C2
Singapore 4.33 7.50 2.78 7.50 7.35 1 4 – – C2–C3
Bangladesh 7.42 5.43 4.44 5.00 7.06 2 2 2 2 C2
Cambodia 6.08 6.07 2.78 5.00 4.41 1 3 – – C1–C2
Bhutan 6.25 5.36 3.89 4.38 3.53 2 2 2 2 C2
Pakistan 5.17 5.71 2.22 4.38 5.29 1 3 – – C1–C2
Nepal 1.83 4.29 3.89 5.63 5.59 1 2 – – C1–C2
Fiji 0.42 2.86 3.33 3.75 3.82 1 2 – – C1–C2
China 0.00 5.00 3.89 5.63 1.18 1 1 1 1 C1
Vietnam 0.00 4.29 3.33 5.63 4.41 1 2 – – C1–C2
Afghanistan 2.50 0.79 2.78 2.50 3.82 1 1 1 1 C1
Laos 0.00 3.21 1.11 5.00 1.18 1 1 1 1 C1
Myanmar 0.00 1.79 0.56 5.63 0.88 1 1 1 1 C1
North Korea 0.00 2.50 1.67 1.25 0.00 1 1 1 1 C1
4.1. Possible and necessary assignments and class acceptability indices

The possible and necessary assignments are presented in Table 2.
We additionally list countries possibly assigned to particular ranges
of classes in Table 4. For these nine countries the necessary assign-
ment is not empty. Another five non-reference alternatives (New
Zealand, Australia, Laos, Myanmar, North Korea) are precisely
assigned to a single class (C4 or C1).

For the remaining 13 alternatives, the necessary assignment is
empty and the possible assignments are imprecise. There are 7 coun-
tries possibly assigned to two consecutive classes (i.e., C1–C2 or C2–C3
or C3–C4) and 5 countries with a possible assignment of three classes
(i.e., C1–C3 or C2–C4). The sole country possibly assigned to any class
C1–C4 is Singapore (Table 4). The average width of the range of possi-
ble classes is 1.73.

Let us examine the way the class acceptability indices enrich the
ROR outcomes for this particular problem. Obviously, the 14 countries
that are necessarily assigned to a single class have the class CAI 100%
and CAIs of other classes zero (see Fig. 1). For many alternatives that
are possibly assigned to at least two consecutive classes,we can indicate
a single recommendation suggested by themajority of compatible value
functions (e.g., CAI(Fiji, C1)=90.62%, CAI(Indonesia, C3)=80.07%, CAI
(Thailand, C3)=69.41%, CAI(Cambodia, C2)=65.4%). Note that since
we used the example-based sorting procedure, the prevailing recom-
mendation does not have to be precise (e.g., CAI(Nepal, C1–C2)=
64.32%, CAI(South Korea, C3–C4)=63.07%, CAI(Papua New Guinea,
C2—C3)=50.05%). For other countries, an analysis of CAIs allows
narrowing down the range of most probable classes. For example, for
90% of the compatible value functions, Singapore is assigned to classes
C2 and C3, whereas, in general, it could be placed in classes between
C1 and C4. Furthermore, for almost 99% of the compatible value func-
tions, Pakistan is assigned to C1 and C2, whereas only 1% of the functions
admit it to C3. An observation of the same type applies to Cambodia,
Indonesia, and India. Such information could subsequently be used for
an incremental specification of the assignment examples.

The analysis can be further enhanced by considering CuCAIs
presented in Fig. 2 for a few exemplary countries. For example, Thai-
land and Indonesia are possibly assigned to C3 with 98% of the com-
patible value functions (resulting from their possible assignments to
C3 and [C2, C3] or C3 and [C3, C4], respectively), whereas Cambodia
and Indonesia are possibly assigned, respectively, to class C2 or C1
with 93% of the compatible value functions.
Table 4
Possible assignments for the problem of assigning countries to different types of regimes.

LP–RP Nr of countries Assigned countries

C4 3 New Zealand, Australia, Japan
C3–C4 1 South Korea
C3 3 Taiwan, Timor Leste, Malaysia
C2–C4 2 India, Indonesia
C2–C3 3 Thailand, Papua New Guinea, Mongolia
C2 3 Hong Kong, Bangladesh, Bhutan
C1–C4 1 Singapore
C1–C3 3 Philippines, Cambodia, Pakistan
C1–C2 3 Nepal, Fiji, Vietnam
C1 5 China, Afghanistan, Laos, Myanmar, North Korea



0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%
cl

as
s 

ac
ce

pt
ab

ili
ty

 in
de

x

[C4]

[C3-C4]

[C3]

[C2-C3]

[C2]

[C1-C2]

[C1]

N
ew

 Z
ea

la
nd

A
us

tr
al

ia

So
ut

h 
K

or
ea

Ja
pa

n

T
ai

w
an

In
di

a

T
im

or
 L

es
te

T
ha

ila
nd

PN
G

In
do

ne
si

a

M
on

go
lia

M
al

ay
si

a

Ph
ili

pp
in

es

H
on

g 
K

on
g

Si
ng

ap
or

e

B
an

gl
ad

es
h

C
am

bo
di

a

B
hu

ta
n

Pa
ki

st
an

N
ep

al

Fi
ji

C
hi

na

V
ie

tn
am

A
fg

ha
ni

st
an

L
ao

s

M
ya

nm
ar

N
or

th
 K

or
ea

country

Fig. 1. Class acceptability indices (in %) for the problem of assigning countries to different types of regimes.
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4.2. Assignment-based preference relations and outranking indices

A Hasse diagram of the necessary assignment-based preference
relation is presented in Fig. 3. There are 306 ordered pairs of alterna-
tives (a, b)∈A×A (a≠b) related by the necessary assignment-based
weak preference relation c→,N, i.e. a is assigned to a class at least as
good as b for all compatible value functions. Note that countries
assigned to the same class with all compatible value functions (e.g.,
New Zealand, Australia, and Japan) are indifferent in terms of c→,N,
and thus they form a single node in Fig. 3. Note also that there are
268 ordered pairs of alternatives (a, b)∈A×A (e.g., (New Zealand,
South Korea), (India, Nepal)) related by the strict necessary relation
c→,N.

When analyzing the most certain consequences of the preference
information, it is obvious that New Zealand, Australia, and Japan,
that are necessarily assigned to C4, should be perceived as the most
democratic countries, i.e. they are necessarily preferred to the
remaining alternatives. On the other hand, China, Afghanistan, Laos,
Myanmar, and North Korea are necessarily assigned to C1 and can
be considered to be the least democratic countries.

Let us discuss c→,N for a few exemplary pairs of alternatives (a,
b)∈A×A in the context of their possible assignments. If LP(a)>RP(b),
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Fig. 2. Cumulative class acceptability indice
it is clear that a is assigned to a class better than b for all compatible
value functions (e.g., (Australia, Thailand), (Indonesia, China)), and
therefore a≻→,Nb. Furthermore, if LP(a)>LP(b) and RP(a)bRP(b)
(the worst possible class of a is better than the best class of b, while
for their best classes the order is the inverse), neither ac→,Nb nor
bc→,Na (e.g., (Singapore, Mongolia), (Pakistan, Bhutan)). Finally, if
the best and the worst possible classes of a are at least as good as b
with one of them being strictly better, we cannot be sure that a is
assigned to a class at least as good as b for all compatible value func-
tions. It is the case for some pairs of alternatives (e.g., (South Korea,
Indonesia), (Taiwan, Papua New Guinea)), but other pairs (e.g.,
(Mongolia, Philippines), (Singapore, Nepal)) are incomparable in
terms of c→,N.

If the intersection of the possible assignments for a pair of alter-
natives is empty, one of them is assigned to a class better than the
other one for all compatible value functions. If not, it is useful to know
the shares of compatible value functions confirming the possible
assignment-based weak preference relation. The nodes corresponding
to these countries are not related by an arc (neither directly nor when
considering transitivity of the necessary relation) in Fig. 3.

To save space, wewill skip comprehensive discussion of assignment-
based pair-wise outranking indices for the whole set of alternatives.
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Instead, let us present APOIs for two significant subsets of alternatives,
i.e. countries that can possibly be assigned to either C4 (Fig. 4) or to C1
(Fig. 5). When considering the nodes corresponding to a particular
pair (a, b), we indicate with a smaller (greater) head of the arc alterna-
tive a (b) for which the result of the SMAA-based comparison is positive
(negative) (i.e., APOI(a, b)>APOI(b, a)). The values of the indices are
provided near the corresponding heads of the arc. In particular, for a
pair (South Korea, India), APOI (South Korea, India)=93.34% and APOI
(India, South Korea)=34.45%.

When comparing the subset of the most democratic countries
(Fig. 4), the APOIs provide recommendations not following directly
from the analysis of the possible assignments. For example, South
Korea is never assigned to a class worse than Indonesia or Singapore
(i.e., APOI(South Korea, Indonesia) and APOI(South Korea, Singapore)
AustraliaNew Zeal.

India

S. Korea

5.47

100

3.82

34.45
93.34

62.03

16.47

8

30.96

10.86

100

Fig. 4. Graph of the possible assignment-based preference relation enriched with the pair-w
are equal to 100%). Moreover, neither Indonesia nor Singapore is
assigned to a range of classes at least as good as New Zealand, Australia,
or Japan.

For the subset of the least democratic countries (see Fig. 5), it is clear
that all countries are assigned to a class at least as good as China, Af-
ghanistan, Laos, Myanmar, and North Korea, which are assigned neces-
sarily and precisely to C1. Singapore could be perceived as the most
democratic among these countries since a majority of compatible
value functions assign it to a better class than the others. Furthermore,
Fiji could be viewed as one of the least democratic countries as for ama-
jority of the considered countries the APOI(·, Fiji)>99%. Finally, let us
note that for some pairs of alternatives, designating themore democratic
country on the basis of APOIs is straightforward (e.g., (Singapore,
Pakistan), (Philippines, Vietnam)), whereas for other pairs, such
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indication is ambiguous since their APOIs do not differ significantly
(e.g., (Pakistan, Nepal), (Singapore, Philippines)).

4.3. Representative value function

The representative value function selected with the REPDIS proce-
dure is presented in Fig. 6. The selected function may be explicitly
presented along with the outcomes of stochastic ordinal regression
to help the DM understand better both the assignment-based prefer-
ence relation and the class acceptability indices. In such a way, the
DM can easily assess relative importance of the criteria understood
as a share of a given criterion in the comprehensive value. Further-
more, a representative value function may be used along with the
provided assignment examples as an input for the example-based
sorting procedure. The corresponding representative assignments
(Table 2, column CREP(a)) can be analyzed in the context of ROR and
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SMAA outcomes. This is useful because they are more precise than
the possible assignments, more general than the necessary assign-
ments, and often contain classes for which the CAIs are the greatest.

5. Conclusions

In this paper we presented a new approach for multiple criteria
sorting problems. We considered a set of preference model instances
compatiblewith assignment examples consisting of a reference alterna-
tive and its assignment to a contiguous set of classes. Depending on the
type of sortingprocedure applied,we referred to compatible value func-
tions (the example-based procedure) or compatible pairs of value func-
tions and class thresholds (the threshold-based procedure). Then, we
determined the possible and necessary assignmentswith robust ordinal
regression, and enriched the analysis with class acceptability indices
adapted from Stochastic Multicriteria Acceptability Analysis (SMAA).
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We also introduced the notion of assignment-based weak preference
relations. Analogously to the assignments, we established necessary
and possible assignment-based relations, and estimated assignment-
based pair-wise outranking indices. We emphasized how the ordinal
and stochastic analyses can benefit from a complementary use. Al-
though not discussed in detail, results of the SMAA simulation process
could additionally be used to support specification of the desired cardi-
nalities of classes as presented in Ref. [13], making it possible to present
to the DM, for example, theminimal,maximal, and average cardinalities
of each class (or ranges of contiguous classes) in the sample of compat-
ible preference model instances analyzed in SMAA.

Rejection sampling of the value functions for the model presented
in Section 4 took less than 20 seconds with an R implementation and
a standard desktop PC. However, the rejection rate grows exponen-
tially with the number of criteria and polynomially with the amount
of assignment examples, and becomes infeasible already with a mod-
erate amount of criteria (≥10, see Ref. [23]). Future research should
investigate application of pseudo polynomial-time Markov Chain
Monte Carlo algorithms, similarly to [23], for sampling the value func-
tions used in estimation of the stochastic indices.
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